The presence and number of such modes are deterministically predicted from the bulk-band topologies, known as the bulk-edge correspondence . The observed lasing accompanies a high spontaneous emission coupling factor stemming from the nanoscale confinement [12] [13] [14] [15] . These results encompass a way to greatly downscale topological photonics [2] [3] [4] [5] .
The localization of waves in low dimensions constitutes a basis for diverse applications in various physical systems, including electron, sound and light. Given bulk band topologies, the bulk-edge correspondence, a physical principle that is originally developed for condensed matter physics 1 , provides a deterministic route to localizing the waves: the difference in topological invariants between the two materials in contact is associated with the number of existing localized interface modes. Accordingly, zero-dimensional (0D) topological interface states 16 , which function as cavities for the waves, can be defined a priori with knowing the bulk band topologies 6, 9, 10, [17] [18] [19] [20] [21] [22] [23] .
Regarding photonics, in which the control of the number of confined modes is vital for its applications, such deterministic design based on topology 2-5 is highly desired. Indeed, the mode-number control in a micro/nanoscale cavity lacks a rigid strategy and still often relies on empirical approaches. This fact makes a stark contrast with the impressive progress in designing ultra-high Q factor and/or ultra-small mode volume (V) nanocavities based on PhCs [24] [25] [26] and plasmonics 27 . Recently, topological microcavity lasers designed based on the bulk-edge correspondence have been demonstrated [6] [7] [8] [9] [10] . Whilst the topological microcavities exhibited single mode lasing, the cavity designs do not totally deny the existence of other confined modes resonating near the lasing frequencies. Moreover, the spatial confinements of the microscale cavities are relatively weak, hampering the realization of strong light-matter interactions.
In this Letter, we report a topology-based, deterministic design of a single-mode PhC nanocavity and its application to lasing. We show that a 0D edge state is predictably formed between two PhC nanobeams with distinct Zak phases 28 , topological invariants in the 1D systems. The 0D edge state functions as a high Q factor nanocavity with a small V close to the diffraction limit. With semiconductor quantum dot gain, the nanocavity exhibits single-mode lasing with a high spontaneous emission coupling factor (β) of ~ 0.03, which is orders of magnitude larger than those for conventional semiconductor lasers (β ~ 10 -6
) and can be regarded as a hallmark consequence of the tight optical confinement [12] [13] [14] [15] . Figure 1 (a) shows a design schematic of the topological PhC nanobeam cavity investigated in this study. Two airbridge PhC nanobeams 15, 26 respectively colored in red and blue are interfaced at the cavity center. They share a common 1D photonic bandgap but are distinct in terms of the band topology characterized by the Zak phase, which is defined as an integral of the Berry connection over the first Brillouin zone 11 . Further details of the design are found in Fig.   1 (b). The nanobeam is composed of GaAs-based unit cells (refractive index, n = 3.4) patterned with a period of a and is formed with a width of 1.6a and a thickness of 0.64a, which are so small that the nanobeam supports a single transverse mode. The unit cells respectively contain two square-shape air holes with a width of 0.5a, which are separated by half a period. The two air holes differ in their lengths, d1 and d2, which relate each other via an equation d1 + d2 = 0.5a.
The blue unit cell places the d1 airhole at the center, while the red unit cell has the d2 airhole at the center instead. In the following discussion, we consider situations with d1 ≤ d2, such that d1 Suppose that only d1 and d2 vary in the system, the single-modeness is robustly preserved as long as the two PhCs are topologically distinct, i.e. d1 ≠ d2. The abrupt interface formed with the inversion-symmetric points eliminates the existence of other localized modes (Tamm modes)
other than that of the topological origin (Shockley mode 29 ). In contrast, the conventional defect PhC nanocavities relying on index modulation sensitively vary the number of confined modes depending on the modulation pattern and in general cannot guarantee the single-modeness 15, 26 .
Further discussions on the existence of topological edge modes at a variety of interfaces composed of various 1D PhC nanobeams can be found in the supplementary material. In addition, we calculated the Q factors of the edge modes for different d1 values and plotted them in Fig. 2 (c). The Q factor peaks at d1 = 0.19a and decreases for both higher and lower d1s. For d1 ~ 0a, the optical confinement is too strong to suppress leaky components violating the condition for the total internal reflection, resulting in low Q factors of only about 1,000. When increasing d1 from 0a, the Q factor improves at the expense of enlarged mode volume. For d1 > 0.2a, Q factor rapidly degrades since the mode size becomes so large compared to that of the allocated simulation domain (70 periods in the x direction), which leads to the light leakage through the domain boundaries. Interestingly, the existence of the 0D edge mode is robust: it resonates even when the patterned PhC area is harshly reduced to containing only a few unit cells 30 . In the current design and simulation size, at d1 = 0.19a, the topological nanocavity support the maximum Q factor of 59,700 with a mode volume of 0.67(λ/n) 3 , which are comparable to those for existing PhC nanobeam cavities employed for laser application 15 .
The topology-based design enables the wide control of Q factor and mode volume while strictly keeping the single-modeness of the nanocavity. This property is highly beneficial to develop single mode lasers using broadband gain media, including semiconductor quantum dots, since such inhomogeneously-broadened gain media often hamper the selection of a single lasing mode by controlling gain properties. . The quick decay of Q factor for d1 > 0.19a originates from the photon leakage from the finite-size simulation region, while the reduction for d1 < 0.19a is due to the light leakage into free space due to the tighter optical confinement.
We fabricated the designed topological nanocavities with a = 270 nm into a 180-nm-thick
GaAs slab containing InAs quantum dots using standard semiconductor nanofabrication processes. The total length of the nanobeam was set to 20 μm (including 68 unit cells). A scanning electron microscope image of a nanocavity designed with d1 = 0.19a is shown in Fig.   3(a) . Unlike the theoretical model, the airholes are not perfect squares and possess rounded edges. In the topology-based design, however, the hole shape does not critically influence the existence of the cavity mode as far as the topological bandgap remains opened.
For characterizing the fabricated nanocavity, we performed micro-photoluminescence (μPL) measurements at a low temperature of 10 K. We used a modulated diode laser oscillating at 808 nm (repetition rate 5 MHz, pulse width 20 ns) and an objective lens for optically pumping the samples. PL signals were analyzed with a grating spectrometer and an InGaAs camera. Figure   3 (b) shows a series of PL spectra measured with an average pump power of 2.3 μW for the nanocavities designed using different d1s of 0a, 0.19a and 0.23a. Each spectrum exhibits a single strong peak resonating around a common wavelength of ~1040 nm, as indicated by a colored arrow in the figure. The peak arises from the designed edge mode localized at the interface, confirmed through the experimental evidences provided below. In the figure, we also plotted PL spectra measured for homogeneous PhC nanobeams without the topological interfaces using gray solid lines. The spectra show the frequencies of the band edges of the respective designs. As expected from the design principle, the band gaps that span between the pairs of the band edge peaks actually enclose the emission peaks originated from the interfaces.
The measured peak frequencies of the emission peaks are summarized in Fig. 3(c) . All the peak positions agree well with those simulated using the plane wave expansion method (solid lines).
A highlight of the plot is the nearly-fixed resonant frequencies of the in-gap mode, which are in line with the predicted behavior of the topological edge states. Then, we investigate the spatial extents of the edge modes by measuring the pump position dependences of the PL spectra. The pump spot size in this experiment was about 2 μm. Figure 3 (c) shows the normalized peak intensities of the interface modes taken along the x direction. The three curves are of the nanocavities with different d 1s and clearly exhibit the mode sizes being dependent on d1. The case of d1 = 0a and d1 =0.23a respectively show the smallest and largest mode distribution, as expected from the simulations. We also characterized the Q factors of the interface modes of different d1s and the corresponding PL spectra are depicted in the right panels in Fig. 3(a) . The Q factors for d1 = 0a and d1 =0.23a are measured to be only 700 and 600, respectively. In contrast, we observed a high Q factor of at least over 2,000 for d1 = 0.19a. The measured Q factor for the nanocavity of d1 = 0.19a is limited by the spectrometer resolution (~400 μeV) used in this particular measurement as well as by the absorption originated from the embedded quantum dots. Therefore, its precise characterization requires further measurements, which we will discuss in the following. Now, we study the pump power dependence of the topological edge state formed in the d1 = 0.19a nanocavity, in order to verify its lasing oscillation using the quantum dot gain. For the measurements, we reduced the repetition rate of the pump pulses to 0.5 MHz. Figure 4 (a) displays two spectra taken with respective peak pump powers of 5 μW (lower panel) and 150
μW (upper). For the low pump power PL spectrum, we observe broad background emission stemming from the quantum dot spontaneous emission, together with a sharp peak of the localized cavity mode. It is apparent that, with increasing the pump power, the cavity mode emission grows dramatically and dominates the spectrum. In Fig. 4(b) , we summarize the peak integrated intensities of the cavity mode measured under various pump powers. The light-in-light-out curve indeed exhibits an intensity jump giving a s-like shape, which is typical for lasers and is well fitted using a semiconductor laser model 13 . Through the fit, we deduce a peak threshold pump power of 46 μW and a spontaneous emission coupling factor (β) of 0.03 for this laser: this high β value can be read as a hallmark of nanolasers with tight optical confinement [12] [13] [14] [15] . Concomitant to the sharp intensity increase, we observed a clamp of the background emission (see green points in Fig. 4(b) ), as another expected phenomenon for lasing.
Figure 4(c) shows the evolution of the measured cavity linewidths as a function of pump power, evaluated by using a higher-resolution spectrometer. A significant linewidth narrowing by nearly an order of magnitude is observed, further confirming the lasing oscillation in the investigated topological nanocavity. At a transparency pump power of 11 μw (estimated from the laser model used for the fitting), we estimated a cold cavity Q factor of ~9,600, experimentally demonstrating the formation of a high Q factor mode by the topology-based design. It is noteworthy that the observed lasing can be regarded as quasi-continuous wave since the all the dynamics within the laser is much faster than the pump pulse duration.
In summary, we realized a topological PhC nanocavity laser. We employed the bulk-edge correspondence to deterministically define single mode PhC nanocavities, which support high Q factors and small mode volumes, both of which were confirmed theoretically and experimentally. The tight optical confinement effect manifested itself as the observed high-β lasing. Our results showcase an example on how topological physics penetrates into nanophotonics and on how to downscale topological photonics into the nanoscale. We believe that topological photonics 4,5 will renew and advance the understanding and the engineering of nanoscale resonators and lasers. Figure 4 . Laser oscillation from the topological nanocavity designed with d1 = 0.19a. (a) PL spectra measured with two different peak pump powers. For the low pumping power of 5 μW, broad background emission from the QDs, spanning from ~ 900 nm to 1200 nm, dominates the spectrum. For the higher pumping power, the background is suppressed and the cavity emission peak in turn prevails. (b) Light-in-light-out plot for the emission peak of the 0D edge state. The black solid line is the fitting to the data points. Laser transition with a threshold peak pump power of 46 μW is seen. (c) Logarithmic plots of the LL curve (red) and of the evolution of the intensities of the background emission (light green). The LL curve exhibits a mild S-shaped curve, which is typical for high-β lasers. The vertical dashed line indicates the threshold pump power. The background emission clamps above the laser threshold. The diagonal dashed line is an eye guide with a linear increase. The scattered data points above the threshold originate from the noisy PL spectra for the QD emission, due to strong cavity emission and the limited dynamic range of our detector. (d) Measured evolution of cavity linewidths as a function of peak pump power. The linewidths were extracted by fitting to the high resolution spectra with Lorentzian peak functions convolved with a Gaussian function representing the spectrometer response (~40 μeV). Linewidths shows a significant narrowing of nearly an order of magnitude. The increase of the linewidth above the lasing threshold is likely due to heating in the nanocavity. . When we find an in-gap peak in the excitation spectrum, we analyzed its origin by selectively exciting it and computing its mode distribution in the simulator.
The situation (1) The situation (6) is a complementary version of (1), generated from replacing dielectric and airholes for both the right-and left-side 1D PhCs in the situation of (1). The topological natures for both the PhCs also invert, resulting in the deterministic 0D edge state at the interface.
Overall, we observed the deterministic formation of a single 0D edge state at the interfaces constituted by two topologically-distinct PhC nanobeams. The interface states formed within the lowest-energy bandgaps emerge only when the Zak phases for the lowest-energy bands of the two PhCs differ. The topology-based design of the nanocavities provides a novel pathway for controlling the number of optical modes. 
